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ABSTRACT: A generalization of the model of Z i ”  is presented which predicts solution dynamics for chains 
composed of any assortment of identical spherical beads connected by identical Hookean springs. The model 
is formulated in a coordinate system that translates with the chain to ensure that the predicted dynamic 
properties may be computed, regardless of chain size or degree of hydrodynamic interaction, with the efficient 
eigenvalue algorithm applied by Lodge and Wu to linear chains. Several new block-diagonal matrices, which 
further improve the computation efficiency for linear, ring, and regular H structures, also arise from this 
formulation. All three features enable new quantitative predictions of the effects of long-chain branches, 
combinations of rings and branches, chain size, and hydrodynamic interaction on dilute-solution, low-shear-rate, 
dynamic properties of flexible homopolymers. Numerical results for selected chain geometries will be presented 
in a subsequent paper. 

I. Introduction 
Over the last 30 years the predictions of bead-spring 

models have been indispensable for interpreting equilib- 
rium and low-shear-rate dynamical properties of flexible 
macromolecules in dilute solution. Of these numerous 
models only an important subset of bead-spring m o d e l P  
are of interest here; these models describe homopolymers 
with chains composed of identical beads and springs, in- 
corporate springs with Hookean force laws, use the 
“preaveraging” treatment of the hydrodynamic interaction, 
employ Gaussian statistics, and ignore interchain inter- 
actions and sample polydispersity. Collectively this subset 
of models will be referred to as the bead-spring model 
(BSM). 

Although the BSM description of homopolymers in 
dilute solution is simplistic in certain respects, this model 
has been very successful in three important ways. It is 
mathematically tractable for a variety of bead-spring 
structures, properties can be computed exactly for chains 
of finite size regardless of the chain geometry or degree 
of hydrodynamic interaction, and predicted properties 
correspond quantitatively to measured linear viscoelastic 
(VE)9-15 and oscillatory flow birefringence (OFB)le-19 
properties of long-chain homopolymers when extrapolated 
to infinite dilution and the solvating medium contributions 
are properly accounted for. This excellent agreement is 
observed for a wide range of shearing frequencies, for 
homopolymers dissolved under 8 and non-8 conditions, 
and for homopolymers of linear, star, and comb geometries. 
Quantitative predictions of such properties which reflect 
chain dynamics are essential to studies evaluating the 
polymer characterization potential of these experiments. 
It is clear from the limited number of existing theoretical 
and experimental comparisons that changes in chain to- 
pology give rise to modifications of the relaxation time 
spectrum; some types of branching give rise to substantial, 
easily detected spectral modifications, while other struc- 
tural changes give rise to subtle differences. An evaluation 
of the characterization potential of such dynamics ex- 
periments will require extensive experimental studies to- 
gether with theoretical predictions for different and fre- 
quently more complicated chain structures than have been 
studied to date; comparisons of measured properties and 
theoretical predictions for the frequency dependence of 
OFB and VE properties are essential for determination of 
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the chain topology involved as well as an assessment of the 
characterization potential of chain dynamics for various 
types of structural modification. With this in mind, a 
general bead-spring model has been developed and is 
presented here that enables predictions of the dynamic 
properties of bead-spring chains with any arbitrary chain 
geometry. In addition, special attention has been paid to 
making the numerical computation of the relaxation 
spectra of these idealized chains as efficient as possible so 
that the properties of large chains can be predicted. The 
efficiencies arise from (1) use of normal coordinates that 
are constructed from a set that translates with the chain 
which happens to guarantee that each spectrum will de- 
pend on the eigenvalues of a symmetric matrix and (2) 
finding of equivalent, but more concise, block-diagonal 
forms of these symmetric matrices for chains of linear, 
regular star, regular H, and ring geometries. These features 
make this an excellent model for predicting the effects of 
chain structure, chain size, and hydrodynamic interaction 
on low-shear-rate dynamic properties. 

11. BSM Formalism for Arbitrary Chain 
Geometries 

The dynamic properties to be modeled are the VE and 
OFB properties of a dilute solution of identical homo- 
polymers subjected to a homogeneous shear flow. The 
solvent throughout the solution is modeled as an incom- 
pressible Newtonian fluid with a uniform viscosity T ~ .  
Recognizing that the solvent viscosity may vary in the 
neighborhood of real chains in solution, the qls used for this 
idealized fluid represents the average environmental vis- 
cosity of the dilute homopolymer solution; in the past it 
has been approximated by that measured for the pure 
solvent or by the product of the viscosity of pure solvent 
and the volume fraction of solvent. Recent evidence 
suggests that these are frequently poor approximations.lg 
The homopolymer is modeled as an assortment of Nb 
spherical beads connected by N, Hookean springs. All 
beads are identical in radius a, mass m, and friction 
coefficient 5: Each massless spring is under tension which 
is directed along the line connecting the ends of the spring 
and is proportional to the distance separating these ends. 
The Hookean proportionality constant H is the same 
(3kT/b2)  for all springs ( k  is the Boltzmann constant, T 
the absolute temperature, and b2 the mean-square distance 
between connected beads in a nonflowing solution). The 
size of the bead-spring chain elements is sufficiently small 
that fluctuating random forces associated with thermal 
motions cannot be neglected. These randomizing forces 
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oppose the orienting action of the hydrodynamic and 
spring forces and are approximated with a smoothed-out 
Brownian motion force. 

At this point we turn to the BSM formulation of Bird 
et rather than that of Zimm,2 to generalize from linear 
chains to arbitrary chain geometry.20 This equivalent 
formulation reported in DPL7 is a natural choice since its 
normal coordinates are constructed from a set that 
translates with the chain. Throughout this generalization 
the forms of the DPL matrix equations describing the 
chain configuration, motion, and dynamic properties is 
found to apply to all chain structures; only the elements 
(and eigenvalues) of the matrices appearing in these 
equations vary with chain structure. This enables us to 
bypass the derivations of such equations and concentrate 
on the generalization of the B, H, and L matrices. 

A. The Elements of B, H, and L. The N, X Nb matrix 
B summarizes the following transformation between the 
set of laboratory (r,) and connector (Qi) coordinate systems. 

Q k  = C8kuru ( 1 )  

B k u  = 6 ~ p  - 6gku 

Here 2, indicates a sum over all beads. The generalized 
form for the elements of this matrix is 

( 2 )  

with 6 ,  the Kronecker 6 and indices Yk and pk defined such 
that connector vector Qk points from bead Yk to bead &. 
The particular values of these indices, of course, depend 
on the schemes used to number the beads and connector 
vectors and are discussed in more detail in Section 111. 

The elements of the Nb X Nb hydrodynamic interaction 
matrix H arise from preaveraging the tensor Q,,,. 

Qu, = 

(1 8~r77,ruw - 6 J (  a + -  rd;) + a2(1 47WuJl - ”(; -6-- r ; d j  (3) 

This tensor describes the hydrodynamic interaction be- 
tween beads v and p and is expressed in terms of the unit 
tensor 6 and r,, = r, - r,, the vector representing the 
separation of these beads. Its form is actually that given 
by Oseen21 to which the first-order correction term of 
h t n e  and PragerZ2 or that of YamakawaB has been added. 
This correction term, proportional to a2 and not found in 
DPL, is included here because the original Oseen tensor 
has the physically unrealistic property of not being positive 
definite when the beads are close together. The average 
of this tensor is determined with the Gaussian distribution 
function which characterizes the chain in a nonflowing 
system. First, after performing the polar and azimuthal 
integrations, one obtains the important result 
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chain between beads p and v. After performing such in- 
tegrations for a wide variety of chains with combinations 
of branches and/or rings, we found that nu, may be 
evaluated in a manner analogous to that used to determine 
the equivalent resistance between two points in an elec- 
trical circuit. In this analogy the configuration of the beads 
attached by springs represents the electrical circuit; the 
beads are considered to be ideal conductors and the springs 
ideal resistors of unit resistance. There are, however, more 
elegant ways24,25 to deduce this analogy for Gaussian 
chains. Expressions for nu, are given in Table I1 for se- 
lected chain geometries. 

Combining these results with the usual construction of 
H yields 

H,, = 6,, + (1 - 6,,)h*(2/n,,)1/2 (6) 

with h* the hydrodynamic interaction parameter of 
Thurston and Peterlin:26 

(4) 

Here, (r,,;l)eq is the mean inverse distance between beads 
v and p. This is, of course, the same result found for the 
average of the Oseen tensor alone; the correction term 
vanishes because of radial symmetry of the distribution 
function. Hence, in the equilibrium-average limit, the 
Fist-order correction to the Oseen tensor for these flexible 
Gaussian chains is not important regardless of the chain 
geometry. The remaining radial integrations are 
straightforward for Gaussian chains: 

The factor nv, is the equivalent number of springs in the 

(7) 

We define the elements of the N, x N, symmetric matrix 

Lij = C,C$iJ$jp (8) 

In DPL, which is restricted to linear chains, this matrix 
is denoted A and called the “modified” Rouse matrix; it 
is modified from that of Rouse in that it includes hydro- 
dynamic interaction effects. In contrast, the L matrix is 
more extensively modified since it is applicable to chains 
having any geometry. The symmetry of the real and di- 
mensionless L matrix is very important. First, it guaran- 
tees that all its eigenvalues exist and that they are real. 
This feature is used to construct the normal coordinates 
required to decouple the diffusion equation and to find its 
equilibrium configurational distribution function. Second, 
it is important because efficient numerical algorithms exist 
to compute accurately all of the eigenvalues of symmetric 
matrices. Calculation of these eigenvalues is essential to 
predict dynamic properties, and in general, properties 
computed for chains of finite size with exact eigenvalues 
fit OFB and VE data better than those evaluated with 
various eigenvalue approximation schemes. 

B. Small-Amplitude Oscillatory Flow Properties. 
A special class of dynamical properties is the one dealing 
with properties of solutions undergoing small-amplitude 
oscillatory shear flow. Such flow properties have been 
characterized by the complex mechano-optic coefficient 
S* in OFB experiments and the complex viscosity coef- 
ficient q* or the dynamic shear modulus G* in VE studies 
and are predicted by the BSM only for very dilute solu- 
tions of flexible homopolymers experiencing low shear 
rates. The form of the equations predicting S*, q*, and 
G* are found to be independent of chain structure: 

L as 

’ P  
S* = q’nb2C ~ + s, + iwrp  

Here q’ is an optical factor; n is the number density of 
chains in the suspension; w is the angular shearing fre- 
quency; rp is the relaxation time for the pth normal mode 
of internal motion; S, and q, represent the frequency in- 
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dependent contribution of the chain environment to S* 
and v* and, in general, will differ from those of the bulk 
solvent; E, indicates a sum over all N normal modes; N 
= N, - N ,  or the number of positive eigenvalues in the 
matrix L; N, is the number of cyclic structures within the 
chain; and i = (-l)l/z. For the special case of an isore- 
fractive homopolymer/solvent system, the optical factor 
is related to the index of refraction n, of the solvent and 
the intrinsic optical anisotropy (al - a2) of the Kuhn 
statistical segment by 
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cyclic-comb structures defined by the same parameters 
contain the same number of beads but differ in the number 
of springs; the cyclic-comb structure has an additional 
ring-closing spring. These parameters are also immensely 
helpful when introducing the bead-spring numbering 
schemes and the elements of the L matrix. 

A. Bead-Spring Numbering Schemes. The scheme 
used to number the beads in combs or cyclic combs is the 
same. The backbone beads are numbered consecutively 
along the chain contour from 1 to NBB. The beads of each 
branch are also numbered consecutively; the bead closest 
to the backbone on branch I is number 

I-1 
1 + NBB+ NBEAD(mb) 

mb=l 

and the last bead on branch I is number 

NBB + NBEAD(mb) 
I 

m b = l  

The schemes used to number the springs in combs and 
cyclic combs are slightly different. For combs, the back- 
bone springs are numbered consecutively along the chain 
contour from 1 to NBB - 1. Likewise the springs along 
branch I are also numbered consecutively, but the spring 
attached to the backbone is number 

I-1 

mb=l 
NBB+ E NBEAD(mb) 

and the last spring of branch I is number 
I 

mb=l 
NBB- 1 + E NBEAD(mb) 

A cyclic comb having the same chain structure param- 
eters as a comb requires a different spring numbering 
scheme due to the “extra” ring-closing spring in the 
backbone of cyclic combs. To include this extra spring the 
backbone springs are numbered from 1 to NBB. This 
displaces the numbering of the branch springs by one 
relative to that of combs. 

Finally, with the introduction of a specific bead num- 
bering scheme, the connector vector direction is made 
unique by simply requiring that vi < yz. However, we 
choose to make a single exception for cyclic combs; the 
“extra” vector QNBB points from bead NBB to bead 1. 

B. Comb and Cyclic-Comb Geometries. In general, 
the L matrix only depends on the chain structure and 
degree of hydrodynamic interaction. Its construction, as 
prescribed by its general form (eq 8), indicates that first 
the B and H matrices are to be assembled followed by two 
matrix multiplications. However, recognizing that each 
row of B has at most two nonzero elements, it is convenient 
to combine eq 2 and 8 and to evaluate the required sum- 
mations. As a result each element of L is always found 
to be a sum (weighted by hl) of four elements of H: 

In general, each relaxation time 7, is inversely propor- 
tional to one of the N positive (and possibly degenerate) 
eigenvalues of the L matrix: 

b2f 
T p  = - 

6kTXp 

The relaxation times are customarily assembled in de- 
creasing order, 71 1 72 2 ... T N ,  and 71 is called the longest 
relaxation time. The spacings of the relaxation times can 
be dramatically affected by chain size, chain geometry, and 
to a lesser extent the degree of hydrodynamic interaction; 
the number of relaxation times is only affected by chain 
size. The ways to compute accurately all of the A, are 
limited. This limitation becomes particularly acute as the 
complexity of the chain structure increases, as well as when 
intermediate degrees of hydrodynamic interaction or 
chains of finite size are involved. In these cases the 
spectrum of eigenvalues is best computed with a numerical 
algorithm on a digital computer. 

111. L Matrix for Special Chain Geometries 
Explicit forms of the L matrix must be known before 

its eigenvalues are computed and used to predict dynamic 
properties with eq 9-13. These forms are developed here 
for only two broad classes of chain structure: chains with 
comb geometry and chains which have what we term 
cyclic-comb geometry. The restriction arises only from our 
desire here to use simple, rather than completely general, 
schemes to number the beads and springs. 

Chains with comb or cyclic-comb geometry encompass 
such a wide variety of chain structures that more com- 
plicated bead-spring numbering schemes will seldom be 
needed. In particular, chains with comb geometry are 
defined as those with straight-chain branches attached to 
any bead on a straight-chain backbone; chains with cycl- 
ic-comb geometry differ from those with comb geometry 
only in that the backbone is constrained to form a ring. 
Hence included in these two broad geometries are several 
important simple chain geometries such as linear, regular 
star, regular H, regular comb, ring, and regular cyclic-comb 
geometries. Also included are many irregular chain 
structures which could represent polydispersity compo- 
nents in real samples of these simple chain structures. 

To concisely represent the wide variety of possible 
bead-spring structures available to chains of comb or 
cyclic-comb geometry, a set of chain structure parameters 
is introduced. This particular set has been designed to be 
applicable to both geometries. These parameters are NBB, 
the number of beads in the backbone; NBR, the number 
of branches attached to the backbone; NBPB(I), the 
number of the backbone bead to which branch I is atta- 
ched; and NBEAD(I), the number of beads in branch I. 
Branch index I varies from 1 to NBR and hence the 
structure of any comb or cyclic comb is completely spec- 
ified with 2(NBR + 1) parameters. Note that comb and 

The hydrodynamic interaction elements in this sum rep- 
resent the four possible interactions occurring between the 
two beads attached to the ends of submolecules (connector 
vectors) i and j .  Thus besides providing a more concise 
general form of L, eq 14 suggests that the element Lij 
represents the hydrodynamic interaction between sub- 
molecules i and j. 

The use of eq 14 to generate L for any chain still requires 
two nontrivial steps: the identification of the indices yi 
and vi for each i and the determination of H,, for any v 
and p. For comb and cyclic-comb structures, both steps 
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L = .  
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NBEAD(0, are either zero or undefined. Alternatively, 
these chains could be represented by any parameter in- 
dicating the chain length such as the total number of 
springs in the chain N,. In this section N, is preferred since 
it also happens to equal N ,  the number of normal modes 
of internal motion. The two parameters only differ by 1: 
NBB = N, + 1. The L matrix for linear chains only needs 
to have two parameters (N,  and h*) assigned to make its 
elements unique. From the prescriptions of section 1II.B 
for these special combs, eq 14 is found to have a single 
form. 

L I J  = HL+l,]+l + H L , J  - Hl+l , ,  - H L , ] + l  (15) 

After evaluating the required hydrodynamic interaction 
elements with eq 6 and the expressions for nu,, in Table 
11, the elements of L may be compactly represented as 

(16) L,, = a(li - j !  + 1) i, j = 1, 2, 3, ..., N ,  

with 
~ ( i )  = 2[h(0) - h(l)] i = l  

i = 2, 3, 4, ..., N ,  = 2h(i - 1) - h(i) - h(i - 2) 
(17) 

and 
h(n) = 1 n = O  

= h*(2/n)’iz n =1, 2, 3, ..., N, (18) 

The elements of L and its N, eigenvalues are identical with 
those of the B matrix originally reported by Lodge and 
Wu5 even though a different bead numbering scheme has 
been used here. These eigenvalues are nondegenerate and 
vary between 0 and 4 as long as h* is within its free- 
draining and non-free-draining limits of about 0.00 and 
0.25, respectively. Closed-form expressions for these 
eigenvalues are only known for small chains or for free- 
draining chains; these expressions are listed in Table 111. 

D. Regular Stars. A regular star, first described by 
Zimm and Kilb,3 is a chain composed off arms attached 
to a central bead with each arm made up of nb beads. The 
total numbers of beads, springs, and normal modes in such 
a chain are fnb + 1, f n b ,  an fnb, respectively. Since these 
highly symmetric chains are also a special class of combs 
(NBB = 1, NBR = f ,  NBPB(0 = 1, and NBEAD(0 = nb 
with I = 1, 2 ,  ..., f ) ,  the prescriptions of section 1II.B can 
be used to show that the N, X N, L matrix for regular stars 
is 

m w w . . .  W l  w u w . . .  w w w u * . *  w 
(19) 

Table I 
Summary of yi and pi for Combs and Cyclic Combsa 

index Q, location combs cyclic combs 
yI backbone i + 1 1 + mod (i, NBB)b 

any branch i + l  i 
p I  backbone 1 i 

connects backbone to NBPB(I) NBPB(I) 
branch I 

all other Q, 2 i - 1  

Assumes that connector vector Q, points from bead p1 to bead 
y, and that the bead and spring numbering schemes of section 
1II.A are employed. bmod (ij) = i - j Integer (i/j). 

Table I1 
Expressions of nvu for Combs and Cyclic Combsa 

Y location u location combsb cvclic combsb 
backbone backbone n n( l  - n/NBB) 
branch I backbone nl + nL nl + n ~ ( l  - n,/NBB) 
backbone branch J n2 + nL n2 + nL(1 - nL/NBB) 
branch I branch J 

I = J  n n 
I f J  nl + n2 + 

n ‘2 
nl + n2 + n’L(1 - n’L/NBB) 

Assumes that the bead-spring numbering schemes of section 
n = Ip - V I ;  nl = ( u  - NBB) - Ek’,,NBEAD- IILA are employed. 

(mb); n2 = ( p  - NBB) - E ~ ~ . , N B E A D ( ~ ~ ) ;  nL = INBP&O - n i  
= I N B P B ( ~  - n’i = I N ~ P B ( I )  - NBPB(J)I. 

are straightforward with the bead7spring numbering 
schemes introduced in section 1II.A. The first step is 
summarized in Table I. Note that these tabulated rela- 
tions, which identify the beads attached to the ends of each 
connector vector, depend on whether the vector is located 
on the backbone or a branch and whether the chain has 
comb or cyclic-comb geometry. Similarly, Table I1 sum- 
marizes the expressions for nvp required to evaluate the 
elements Hyp with eq 6. From both sets of expressions it 
is clear that generating L for large or irregular chains can 
be laborious. FORTRAN software has recently been re- 
ported2’ that uses these expressions to generate and com- 
pute the eigenvalues of L for any comb or cyclic comb. 

In the remaining parts of section 111, explicit forms of 
L are presented for six special classes of combs or cyclic 
combs. Each of these classes has simple, or at least highly 
regular, chain geometries. The forms are all based on eq 
14 and Tables I and 11. For convenience, these matrices 
are expressed in terms of one or more of four types of 
submatrices. The first type of submatrix represents all 
of the hydrodynamic interactions occurring between two 
submolecules on the backbone. These submatrices are 
square and symmetric and are found in L for every chain 
containing one or more backbone submolecules; they are 
always denoted with an uppercase A. The second type of 
submatrix represents all of the hydrodynamic interactions 
occurring between a submolecule on the backbone and a 
submolecule on a particular branch. These submatrices 
are never symmetric and usually are not square; they are 
always denoted with an uppercase V. The third type of 
submatrix represents all of the hydrodynamic interactions 
occurring between two submolecules on the same branch. 
These submatrices are square and symmetric and are de- 
noted with an uppercase U. The last type of submatrix 
represents all of the hydrodynamic interactions occurring 
between submolecules on different branches. These sub- 
matrices, denoted with a uppercase W, are square and 
symmetric. 

C. Linear Chains. Linear chains are a particularly 
simple special case of combs. Their structure can be 
summarized in terms of a simple comb parameter NBB; 
the remaining comb parameters, NBR, NBPB(I), and 

Lw . 
Each row or column in the above expression contains f 
symmetric submatrices each of order nb. The elements of 
the U and W submatrices are defined as 

(20) Uij = a(li - jl + 1) i, j = 1, 2 ,  3, ..., nb 

wij = -a(i + j )  i, j = 1, 2, 3, ..., nb (21) 
In general, the fnb eigenvalues of L are identical with 

the nonzero eigenvalues of the Zimm-Kilb HA matrix. As 
shown in section IV.B, nb of these eigenvalues are non- 
degenerate and depend on f, nb, and h*; the remaining 
eigenvalues are (f - 1)-fold degenerate and only depend 
on nb and h*. All but the largest of these eigenvalues vary 
between 0 and 4 for the usual values of h* between 0.00 
and 0.25; the upper bound of this largest eigenvalue is f 
+ 1. Closed-form expressions for the eigenvalues of se- 
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Table I11 
Closed-Form Eigenvalue Expressions for Selected Linear Chains 

eigenvalue expression restriction 
h, = 4 sin2 [rp/[2(NS + I)]] 
A, = 2 - 2(2)"* 

h* = 0 and p = 1, 2, 3, ..., N, 
N ,  = 1 

x1 = 1 - h* 
XZ = 3 - [4(2)'12 - l]h* 

N ,  = 2 

A1 = 2 + [l - (5/2)2'12 - (1/2)(2/3)'/2]h* - [2 - xlh* + ~ 2 ( h * ) ~ ] ' / ~  N, = 3 
X2 = 2 + [(2/3)'/' - 2'iZ - 2]h* 
X3 = 2 + [ l  - (5/2)2'12 - (1/2)(2/3)'"]h* + [2 - xlh* + ~ 2 ( h * ) ~ ] ' / ~  

XI = 4(2(2)'12 - 1) 
~2 = 59/3 - 9(2)'12 + 1/3l/' - (2/3)"' 

A, = 3/2 - x,h* - [5/4 + x2h* + 
h2 = 5/2 + x4h* - [5/4 + x5h* + x6(h*)211/2 
A3 = 3/2 - xlh* + [5/4 + x&* + ~ 3 ( h * ) ~ ] " ~  
A, = 5/2 + ~ q h *  + [5/4 + x&* + ~ 6 ( h * ) ~ ] ' / ~  

XI = 1 + 2,/*[5/4 - 1/3l/'] 
x2 = 61/2 - (13/4)2,/' - 2 
x3 = 179/24 + 2(2)'/' - 2(2/3)'/' - 3(3)'/' 
x 4 -  - 1 - 2'12[11/4 + 1/3l/'] 
xg = 6 - (29/4)2,/' - (2/3)'/' 
x g  = 755124 - 18(2)'/' - 6(2/3)'/' + 7/3l/' 

N ,  = 4 

Table IV 
Closed-Form Eigenvalue Expressionso for Selected Regular Stars 

eigenvalue expression restriction 
A, = 4 sin2 [rrp/[2(2nb + I)]] 
A' = 1 - h* 
X' = (1 + f, - [2f(2)'/' - (f - l)]h* 

h* = 0 and p = 1, 3, 5, ..., 2nb - 1 

nb = 1 

Xl = 3/2 - xlh* - [5/4 + ~2h* + x3(h*)2]112 
hz = (f + 3)/2 + Xqh* - [(f - 2f + 5)/4 + x5h* + x6(h*)2]1'2 

nb = 2 

A3 = 3/2 - x'h* + [5/4 + x&* + x3(h*)2]"2 
hq = (f + 3)/2 + x,h* + [(f - 2f + 5)/4 + x&* + x6(h*)2]'12 

"The eigenvalues with odd indices are c f -  1)-fold degenerate; x1 = 1 + 2lI2[5/4 - 1/(3)1/2]; x2 = 6'1' - (13/4)2llZ - 2; x3 = 179/24 + 2(2)'12 
- 2(2/3)'/* - 3(3lI2); ~4 = f -  1 - (3f + 5)2'/'/4 - (f- 1)(2/3)'/'; ~5 = [(2/3)'12 - (5/4)2'/']f + [4 + 2l/'/2 - 4(2/3)'/']f + [3(2/3)'" - (13/4)2'/' 
- 21; ~6 = [251/24 - 1/31i2 - 4(2lI2)(1 + 1/31'2)]f + [-107/12 + 10/31/2 + 6(2/3)'/' - 2(2)'"]f + [179/24 - 9/3'12 + 2(2lI2)(1 - 1/3'/')]. 

lected regular stars are collected in Table IV. The ei- 
genvalues listed there having odd indices are (f - 1)-fold 
degenerate; these eigenvalues are also the same as the 
odd-indexed eigenvalues of a linear chain composed of 2nb 
springs when computed at  the same degree of hydrody- 
namic interaction. 
E. Regular H Chains. A regular H chain has two 

equal-length, straight-chain branches attached to each end 
of a straight-chain backbone. Its structure can be sum- 
marized in terms of two parameters: nb, the number of 
beads in each of the four arms, and no, the number of beads 
in the backbone (excluding the two end beads attached to 
the arms). The total number of beads, springs, and normal 
modes of motion in these regular H chains are no + 2 + 
4nb, no + 1 + 4nb, and no + 1 + 4nb, respectively. Alter- 
natively, the structure of these special combs can also be 
represented by NBB = no + 2, NBR = 4, NBPB(1) = 
NBPB(2) = 1, NBPB(3) = NBPB(4) = no + 2, and 
NBEAD(I) = nb for all I. Using the prescription for combs 
of section III.B, the L matrix of regular H chains is 

V,T u w w, w1 
L =  V,T w u w, w, LT V2T w, :: h, w, 'i, u w 3 (22) 

Most of the submatrices in the above expression are square 
and symmetric; only submatrices VI, Vz, and their 
transposes are not. The A submatrix, of order no + 1, 
represents the hydrodynamic interaction occurring be- 
tween submolecules on the backbone; its elements are 

identical with those of L for a linear chain (eq 16) com- 
posed of no + 1 springs: 

A ,  = a(li - j l  + 1) i, j = 1, 2, 3, ..., no + 1 (23) 
The U matrix, appearing four times along the diagonal of 
L, is of order nb and its elements are again given by eq 20. 
Submatrices VI and Vz, each appearing twice in the top 
row of L, each have dimensions of (no + 1) X nb with 
elements defined by 

(24) 
V z ( i , j ) = + a ( - i + j + n o + 2 )  i = l , 2 , 3  ,..., n o + l  

(25) 
Column index varies from 1 to a b .  Submatrices W and 
W1 are both of order nb The elements of the former are 
again given by eq 21 and those of the latter are defined 
by 

Vl(i,j) = -a(i + j )  i = 1, 2, 3, ..., no + 1 

Wl(i,j) = -a(i + j + no + 1) i, j = 1, 2, 3, ..., nb 
(26) 

The N, eigenvalues of L for these regular H chains vary 
between 0 and 5 for values of h* within 0.00 and 0.25. As 
shown in section IV.C, nb eigenvalues are doubly degen- 
erate; the remaining are nondegenerate. The degenerate 
eigenvalues are independent of no and are the same as the 
odd-indexed eigenvalues in a linear chain composed of 2nb 
springs when computed at the same degree of hydrody- 
namic interaction. As an example of these eigenvalues, 
closed-form expressions for those of a particularly small 
chain are reported in Table V. 

F. Regular Combs. A regular comb is a comb with 
equal length arms attached at regular intervals to the 
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Table V 
Closed-Form Eigenvalue Expressions for Simple H, Comb, 

and Cyclic Comb Chains" 
Regular H Chain: nb = 1, no = 0 

define 
s1 = -3a(l) + 2 4 2 )  
s2 = + 3 ~ ( 1 ) ~  - 4a(l)a(2) - 3a(2)2 - 4a(3)' 
s3 = -a(l), + 2 ~ ( 1 ) ~ a ( 2 )  + 3 ~ ( l ) a ( 2 ) ~  - &~(2)~a(3)  - 4 ~ ( 2 ) ~  + 

4 ~ ( l ) a ( 3 ) ~  
a = s2 - s12/3 
b = (2s13 - 9sls2 + 27s3)/27 
r = 
6 = (1/3)[* + tan-' [(-1 - 4a3/[27b2])'/2]] 

X~ = -r(cos 4 + 3lI2 sin 4) - s1/3 
X2 = 1 - h* 
X3 = 1 - h* 
X4 = 2r cos 4 - S1/3 
X5 = -r(cos 4 - 3lI2 sin 6) - s1/3 

eigenvalues 

Regular Comb: f = 3, nb = 1, no = 0 
define 

X I  = 1 + 2'/'[5/4 - 1/31/2] 
~2 = 6'1' - (13/4)2l/' - 2 
~3 = 179124 + 2(2)'/' - 2(2/3)'/' - 3(3)'/' 

~2 = 3 [ ~ ( 1 ) '  - ~ ( 2 ) '  - ~(3) ' ]  - 2[a(l)a(2) + a(l)a(4)  - a(2)a(3)] 
+ a(2)a(4) 

53 = [ ~ ( l )  - a(2)][2a(3)'- a ( l ) [ ~ ( l )  - ~ ( 4 ) ] ]  + [a(2) - 
a(3)l[a(l)[a(2) - a(3)I - 4a(2)a(3)1 + 2a(2)2[a(l) - a(41  

a = s2 - s12/3 
b = (2s13 - 9 ~ 1 ~ 2  + 27~3)/27 
r = (-a/3)'I2 
6 = (1/3)[a + tan-' [(-1 - 4a3/[27b2])'/2]] 

= a(2) + ~ ( 4 )  - 3a(l) 

eigenvalues 
X1 = 3/2 - ~ , h *  - [5/4 + X Z ~ *  + ~ ~ ( h * ) ~ ] ~ / ~  
x2 = -r(cos 6 + sin 6) - s1/3 
X3 = -r(cos 6 - W2 sin 9) - S,/3 

Xs = 2r cos I$ - s1/3 
= 3/2 - ~ 1 h *  + [5/4 + *.2h* + ~ ~ ( h * ) ~ ] ~ / ~  

Regular Cyclic Comb: f = 3, nb = 1, no = 0 
define 

a = 3(1 - 3%*) 
b = 2 - h*[2(2)'Iz + 3lI2 + (3/4)'/' - 2(6/5)1/2] 
c = h*(3 + 6lI2 - 3(2/5)'/') - 3lI2 

nonzero eigenvalues 
X1 = (a  + b ) / 2  - [ (a  - bI2 + 4 ~ ~ ] ' / ~ / 2  
X2 = (a  + b)/2 - [ (a  - b)' + 4 ~ ~ ] ' / ~ / 2  
A3 = 2 + 2h*[3lI2 + (3/4)'/' - 2liZ - 2(6/5)'/'] 
X4 = (a  + b)/2 + [ ( a  - b)2 + 4 ~ * ] ' / ~ / 2  
A5 = (a  + b)/2 + [ (a  - b)' + 4 ~ ~ ] ' / ~ / 2  

"Note: use eq 17 to evaluate a(i);  angle 34 is in quadrant I11 for 
0 < h* < 0.36. 

backbone. Its structure can be summarized in terms of 
three parameters: f, the number of arms; nb, the number 
of beads per arm; and no, the number of backbone beads 
between the arms. The total number of beads, springs, 
and normal modes of motion are f(no + nb + 1) + no, f(no 
+ nb + 1) + no - 1, and f(no + nb + 1) + no - 1, respectively. 
Alternatively, a regular comb could also have been char- 
acterized by NBB = no + f (no + l), NBR = f ,  NBPB(I) 
= I(no + l), and NBEAD(I) = nb with I = 1, 2, 3, ..., f. 
Using the prescription for combs of section III.B, the L 
matrix for a regular comb is 

A V1 V2 V3 ... 
V2T w, u w, ... w,, w,, 
V3T w2 w, u 1.. 

... ... u w1 : u w1 : J  
Most of the submatrices in the above expression are square 

and symmetric; only the f submatrices VI and their 
transposes are not. The A submatrix is of order f(no + 1) 
+ no - 1 and its elements are 
A,  = a(li - j l  + 1) i, j = 1, 2, 3 ,..., f(no + 1) + no - 1 

(28) 
The elements of the U submatrix are again give by eq 20; 
it is of order nb. The f submatrices VI ,  found only in the 
top row of submatrices, each have dimensions [f(no + 1) 
+ no - 11 X nb. Within these submatrices are the hydro- 
dynamic interactions occurring between submolecules on 
the backbone and the Ith arm. Their elements are defined 
as 

VI(i, j )  = +a(-i + j + I(no + 1)) 

i = 1, 2, 3, ..., I(no + 1) - 1 
for 

and 
V&j) = -a(+; + j - I(n0 + 1) + 1) 

for 
i = I(no + l), I(no + 1) + 1, ..., f(no + 1) + no - 1 (29) 
with column index j varying from 1 to nb for each sub- 
matrix. Finally, the elements of the f - 1 submatrices 
denoted WI are defined by 

Wr(i,j) = -a(i + j + I(no + 1)) i, j =I ,  2, 3, ..., nb 

(30) 
This submatrix represents the hydrodynamic interaction 
occurring between submolecules on arms separated by I(no 
+ 1) backbone springs. In general, the N ,  eigenvalues of 
the L matrix for these regular combs vary between 0 and 
5 for values of h* between 0.00 and 0.25. All these ei- 
genvalues are nondegenerate when no # nb. However, 
when no = nb, nb of the eigenvalues are doubly degenerate; 
these eigenvalues are again the same as the odd-indexed 
eigenvalues for a linear chain composed of 2nb springs 
when computed for the same degree of hydrodynamic in- 
teraction. Closed-form expressions for the eigenvalues of 
a small regular comb can be found in Table V. 
G. Rings. A ring is a purely cyclic structure composed 

of the same number of beads and springs. Its structure, 
just as for linear chains, can be summarized in terms of 
a single parameter indicating the chain length. In this 
section, we employ the number of springs N,. Since rings 
are actually a special class of cyclic combs (NBB = N,, 
NBR = 0; NBEAD(I) and NBPB(1) are undefined), the 
prescriptions of section IILB can be used to show that the 
N ,  x N ,  L matrix for rings is 

L, = - j l  + 1) i, j = 1, 2, 3, ..., N ,  (31) 

with 
ar(i) = 2[hr(0) - hr(1)l i = l  

i = 2, 3, 4, ..., N,  
(32) 

= 2hr(i - 1) - hr(i) - h,(i - 2) 

and 
h,(n) = 1 n = 0, N ,  

= h*[2/[n(l  - n/N,)]]1/2 
n = l , 2 , 3  ,..., N , - 1  (33) 

The elements of L, and its N ,  eigenvalues, are identical 
with those of the HA matrix originally reported by 
Bloomfield and Zimm4 even though a different bead 
numbering scheme is used here. Most of these eigenvalues 
are doubly degenerate and vary between 0 and 4 as long 
as h* varies between 0.00 and 0.25; one eigenvalue is always 
zero. Closed-form expressions for the degenerate eigen- 
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values of selected rings are listed in Table VI; the ex- 
pressions are ordered in terms of the magnitude of the 
eigenvalue and are simply indexed from 1 to (N ,  - 1)/2 
or 1 to (N, - 2)/2 depending on whether N, is odd or even. 

H. Regular Cyclic Combs. A regular cyclic comb is 
a cyclic comb with equal length arms attached at regular 
intervals to its (closed-loop) backbone. Its structure can 
be summarized in terms of the same three parameters used 
for regular combs: f ,  the number of arms; nb, the number 
of beads per arm; and no, the number of backbone beads 
between the arms. The total numbers of beads, springs, 
and normal modes of motion are f(no + nb + l), f (no + nb 
+ l), and f(no + nb + 1) - 1, respectively. Alternatively, 
a regular comb could be characterized by NBB = f(no + 
1); NBR = f ;  NBPB(0 = I(no + l), and NBEAD(0 = nb 
with I = 1, 2, 3, ..., f .  From the prescription for cyclic 
combs of section III.B, the L matrix for a regular cyclic 
comb is 
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This submatrix represents all of the hydrodynamic in- 
teraction occurring between two submolecules on different 
arm8 separated by I(no + 1) backbone springs. In contrast 
to regular combs, not all the W I  submatrices defined here 
are unique; it can be shown with eq 39 that WI = Wf+ 

In general, the N ,  eigenvalues of the L matrix for these 
regular combs vary between 0 and 5 for values of h* within 
0.00 and 0.25. The eigenvalues are either nondegenerate 
or doubly degenerate. The number of nondegenerate ei- 
genvalues depends on whether f is an odd or even number. 
For f odd there are no + nb + 1 nondegenerate eigenvalues; 
for f even there are 2(n0 + n b  + 1) nondegenerate eigen- 
values. One of these nondegenerate eigenvalues is always 
zero; none of the degenerate or nondegenerate eigenvalues 
are the same as those found for purely linear or cyclic 
chains. Closed-form eigenvalue expressions for a small 
cyclic comb are reported in Table V. 

IV. Block Diagonal Representations of L for 
Simple Chain Geometries 

The dynamic properties predicted for very large bead- 
spring chains are of considerable interest since these chains 
correspond to high molecular weight homopolymers. 
These properties, however, are the most difficult to com- 
pute because the number of steps required in the eigen- 
value portion of the computation roughly increases with 
the cube of the chain size. Only for some highly symmetric 
chain geometries can the efficiency of the eigenvalue 
computation be substantially improved. Here the im- 
provements are obtained by transforming the L matrix to 
an equivalent block-diagonal form; the eigenvalue problem 
then reduces to computing the eigenvalues of several 
smaller (and symmetric) submatrices instead of computing 
those of one large matrix. The only block-diagonal forms 
of L presented here are for chains with linear, regular star, 
regular H, and ring geometries. Most of these forms are 
new. 

A. Linear Chains. Both block-diagonal forms of L for 
linear chains are denoted as L' and are obtained with the 
following similarity transformation. 

L' = Sl-lLSl (40) 
In general, this type of transformation will not affect the 
eigenvalues. For linear chains L' is always a diblock matrix 
but the form of each block depends on whether the number 
of springs in the chain is odd or even. When N,  is even, 
the transformation matrix Sl is constructed with two square 
and symmetric submatrices each of order N,/2 and its 
inverse is simply its transpose. 

w, u '  wf I 2: w, w, u ... 

As found for regular combs, most of the submatrices in the 
above expression are square and symmetric; only the f 
submatrices V I  and their transposes are not. The A sub- 
matrix, of order f(no + l), represents all the hydrodynamic 
interaction occurring between submolecules on the cyclic 
backbone; its elements are 
ALj = a,(li - jl + 1) (35) 

The U submatrix, found f times on the diagonal, represents 
the hydrodynamic interaction occurring between submo- 
lecules on the same straight-chain branch. It is of order 
nb and its elements are again given by eq 20. The f sub- 
matrices V I ,  located in the top row, have dimensions f(no 
+ 1) X nb. These submatrices contain the hydrodynamic 
interaction occurring between submolecules on the cyclic 
backbone and the Ith straight-chain arm. Their elements 
are defined as 

VI(i , j)  = +a,(-i + I(no + 1) - 1, j )  

i = 1, 2, 3, ..., I(no + 1) - 1 

VI(i , j )  = -a,(+i - I(no + l),j) 

i, j = 1, 2, 3, ..., f(no + 1) 

for 

and 

for 
i = I(no + l), I(n0 + 1) + 1, ..., f(no + 1) (36) 

with 

av(i,j) = 
hJi, j )  + h,(i + 1, j  - 1) - hv(i,.j - 1) - h,(i + 1, j )  (37) 

hv(i,j) = 1 if j = 0, and i = 0 or f(no + 1) 

Column index j varies from 1 to nb. The last set off - 1 
submatrices, denoted W,, are each of order nb; their ele- 
ments are defined by 
WI(i,.j) = -a[; + j + I(n0 + 1)(1 - I / f l ] ;  

i, j = 1, 2 ,  3, ..., nb (39) 

"-[ 1 I -1 ] 
2112 I I 

Submatrix I is the identity matrix and 
To ... 0 0 1 1  

l?o ; . ... o_i 0 

The two blocks along the diagonal of L', denoted Lo and 
Le, are square, symmetric and of order N,/2  with elements 

i, j = 1, 2 ,  3 ,  ..., N , / 2  
(43) 

L," = a(li - j l  + 1) + a(i  + j )  

and 
Li; = u(li - jl + 1) - a(; + j )  i, j = 1, 2 ,  3 ,  ..., N,/2  

(44) 
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Table VI 
Closed-Form Expressions for the Doubly Degenerate Eigenvalues of Selected Rings" 

eigenvalue expression restriction 
A, = 4 sin2 [.rrp/N,] 
A1 = 3(1 - 3'i2h*) 
A,  = 2(1 - 2%*) 
A1 = (1/2)[5 - 5ll2 + 5(-(5/2)'/' + 3/2'/' - 2/3l/')h*] 
X2 = (1/2)[5 + 5'1' + 5(-(5/2)'/' - 3/2'/' + 2/31/2)h*] 
A1 = a,(l) + a,(2) - 4 3 )  - 4 4 )  
A2 = 4) - aA2) - 4 3 )  + aA4) 
x1 = a, ( l )  + 2*'2[U,(2) - a,(4)1 - a,(5) 
A2 = ~ ~ ( 1 )  - 2ar(3) + ar(5) 

Note: use eq 32 to evaluate a,. 

Lo and Le are submatrices that happen to contain the odd- 
and even-indexed eigenvalues of L, respectively; more 
generally, the superscripts on these submatrices indicate 
the odd or even symmetry of their eigenvectors with re- 
spect to the center of the chain. 

Similarly for chains with N, odd, the transformation 
matrix Q is 

(46) 

with I and I both of order (N, - 1)/2. This time though 
Le is of order (N, - 1)/2, Lo is of order (N, + 1)/2, and their 
elements are 

(47) 

I 0 

0 

0 
-I I 

0 

I f 

a = -  0 . . . 0 2I'Z 0 . . . 0 (45) 2:,2 [ 
Lll0 = a(1) 

Lilo = Ll: = 2 l k ( i )  

LLjo = a(li - j l  + 1) + a( i  + j - 1) 

and 
LLje = a(li - jl + 1) - a( i  + j + 1) 

i = 2, 3, 4 ,..., ( N ,  + 1)/2 

i , j  = 2, 3, 4, ..., (N, + 1 ) / 2  (48) 

i, j = 1, 2, 3, ..., (N, - 1) /2  (49) 

B. Regular Stars. The block-diagonal form of L for 
regular stars is found by performing several matrix oper- 
ations on its secular equation. 

0 = JL - XI1 (50) 

Only matrix operations which do not affect the determi- 
nant (and eigenvalues) are chosen. First, by use of eq 19 
to represent L in the secular equation, the submatrices in 
row i + 1 are subtracted from those in row i, and the result 
is placed in row i for each row except row f .  Then the 
submatrices in row f are replaced with the sum of all or- 
iginal rows. Next submatrix column i is replaced by the 
sum of the submatrices in columns 1 through i. Finally 
column f is multiplied by the scalar -i/f and the result is 
summed to column i for columns 1 through f - 1. The 
resulting block-diagonal form of L contains f symmetric 
blocks each of order nb; f - 1 of these blocks are identical 
and have elements 

LijO = u(li - j l  + 1) + a( i  + j )  i, j = 1, 2, 3, ..., nb 
(51) 

The elements of the remaining block are 
L,' = a(( i  - j l  + 1) - (f - l )u( i  + j )  

i, j = 1, 2, 3, ..., nb (52) 

h* = 0 and p = 1, 2, ..., (N, - 1)/2 or p = 1, 2, ..., ( N ,  - 2)/2 
N ,  = 3 
N, = 4 
N, = 5 

N ,  = 6 

N, = 8 

For both submatrices, the superscripts only indicate the 
symmetry of their eigenvectors with respect to the center 
bead. Note that the expression for Lo, and hence its ei- 
genvalues, only depends on nb and h*. These degenerate 
eigenvalues are the same as the odd eigenvalues of a linear 
chain composed of 2nb springs. The eigenvalues of Le, 
however, only reduce to the even eigenvalues of a linear 
chain when f = 2. 

This more concise representation for regular stars was 
first reported by Mitsuda28 and Osaki et a l . ; 6 7 2 9  the Lo and 
Le submatrices of this section are identical with their H1 
and H2 matrices, respectively. Their derivation, however, 
differed from the one presented here in that their for- 
malism did not use coordinates that translated with the 
chain. 
C. Regular H Chains. This derivation parallels that 

for regular stars. Start with the secular equation of L but 
use the form of L for regular H chains (eq 52). Replace 
the entries in submatrix columns 2 and 3 with their sum 
and difference, respectively; repeat these operations on 
columns 4 and 5. Next, perform the analogous operations 
on the rows to recover the matrix symmetry. Subse- 
quently, interchange submatrix columns 3 and 4 and rows 
3 and 4. Finally, divide each element in the submatrices 
by 2 and multiply submatrix column 1 and row 1 by 2'lz; 
the former operation reduces the determinant by 2no+1+4nb 
and the latter increases it by 2@l. All of these operations 
reduce the secular equation to three blocks. One block, 
LH, is a matrix of order no + 1 + 2nb defined by 

21/2v, 2112v2 
LH = 2'12VlT u + w 2 w 1  ] [* 2'/2V,T 2 w ,  u + w 

(53) 

The other two, Lo, are each of order nb and defined as 
before by eq 51. The eigenvalues of LH depend on no, nb, 
and h*; those of Lo only depend on nb and h*. Moreover, 
the eigenvalues of Lo for these regular H chains also appear 
in linear chains composed of 2nb springs when computed 
for the same degree of hydrodynamic interaction; the su- 
perscript on this matrix indicates the odd symmetry of its 
eigenvectors with respect to bead 1 or bead no + 2 when 
it is applied to regular H chains. 

D. Rings. The derivation of the two block-diagonal 
forms that decouple the eigenvalues from the L matrix 
parallels that for linear chains and is not duplicated here. 
As found for linear chains, the diblock form of rings de- 
pends on whether the number of springs in the chain is 
odd or even. For N ,  odd, all the eigenvalues of L except 
the eigenvalue which is zero are doubly degenerate. These 
eigenvalues are summarized in terms of a single symmetric 
submatrix of order ( N ,  - 1)/2 with elements 

(54) Llle = U J l i  - j (  + 1) - ur( i  + j )  
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For even N,, the eigenvalue that is zero and the largest 
eigenvalue are nondegenerate; the remaining N ,  - 2 ei- 
genvalues are doubly degenerate. This largest nondegen- 
erate eigenvalue is always given by 

Ne-1 
AN8 = ~ ~ ( - l ) ' + ' ~ , ( i )  = 4[1 + (-l)nhr(n)] (55) 

n = l  

and the degenerate eigenvalues are summarized by a 
submatrix of order ( N ,  - 2)/2 containing elements 

Ll,e = a,+ - j (  + 1) - a,(i + j +1) (56) 

Note that in the free-draining limit, the submatrix Le of 
a linear chain composed of N ,  springs is the same as Le 
for a ring composed of N, + 1 springs. Hence, these chains 
share some of the same eigenvalues as previously reported 
by Tanaka and Yamakawae30 

V. Conclusions and Discussion 
The BSM has been generalized to predict the solution 

dynamics of any assortment of identical beads connected 
by Hookean springs. The new ability to predict the 
properties of any chain has several immediate applications: 
(1) it can be used to predict the ability of VE and OFB 
properties to characterize the long-chain structure in 
homopolymers, (2) it can be used to fit dynamic data of 
new more complicated chain structures, and (3) it enables 
investigations of the dynamic properties of irregular chain 
structures which invariably are present to some degree as 
polydispersity components in real samples of regular star, 
H, and comb geometries. 

A second important result of this work is that the exact 
properties of these idealized chains can be computed more 
efficiently; this result is of considerable interest because 
the properties of large chains, which correspond to high 
molecular weight homopolymers, are more easily obtained. 
The efficiency improved because (1) the normal coordinate 
system was constructed from coordinates that translate 
with the chain, which ensures that the relaxation spectrum 
can be computed from a symmetric matrix, and (2) several 
new and more concise block-diagonal forms of these ma- 
trices have been found for selected chain geometries. 

The BSM has already allowed us to obtain quantitative 
predictions of OFB and VE properties for several simple 
chain geometries. The generalized formulation presented 
here will enable us to continue and substantially expand 
our explorations of the polymer characterization potential 
of these and other chain dynamics experiments. It is al- 
ready clear that the character of the modification of the 
relaxation time spectrum changes substantially from one 
type of branching to another; some of these changes should 
be readily observed experimentally while others are pre- 
dicted to be marginally detectable. Interpretation of 
measured properties requires careful quantitative com- 
parisons of such predictions and the measured properties. 
Such comparisons are now under way for  stars and regular 
combs; examinations of enough different chain geometries 
should provide a realistic assessment of the branching 
characterization potential of chain dynamics experiments. 
An illustrative summary of quantitative predictions for 
OFB and VE properties for selected chain geometries 
based on this generalized model is currently in prepara- 
t i ~ n . ~ ~  In addition, in a subsequent paper, the questions 
of why these Gaussian predictions appear to fit data 
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measured under non-8 conditions and how long-chain 
structure of homopolymers may be interpreted from these 
measurements are addressed. The BSM treatment pres- 
ented here has been condensed for publication; an ex- 
panded version is available on request.32 
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